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Abstract

Recent theoretical and simulation studies indicate that grain boundary motion is coupled to the translation and rotation of the adja-
cent grains. However, the geometry of the system can strongly modify this coupling. We simulate the evolution of grains in two geom-
etries that are similar to experimental systems that have been studied. The first, a small circular grain embedded in a matrix consisting of
two other grains, shows that rotation can be suppressed by geometric frustration, but the coupling slows the grain boundary motion. The
second, a bicrystal cut into a wedge shape, shows that free boundaries can act as sinks for grain boundary dislocations thereby stopping
or even reversing the rotation caused by grain boundary motion. These results show that an experimentally relevant theory of grain
boundary motion needs to consider the effects of microstructure and sample geometry.
Published by Elsevier Ltd on behalf of Acta Materialia Inc.
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1. Introduction

The properties of polycrystalline materials are often
strongly dependent on their microstructure. There is there-
fore great interest in understanding the nature and evolu-
tion of grain boundaries (GBs). Recent atomistic
simulations and theoretical analysis suggest that the
motion of grain boundaries is inherently coupled to the
translation and rotation of the adjacent grains, and can
even lead to an increasing misorientation angle as a func-
tion of time [1–6]. Attempts to observe this coupling exper-
imentally, recently reviewed in Refs. [5,6], have shown
some evidence for it in rectangular bicrystals under shear
[7–12], thin single-crystal grains on a surface [13–16] and
gold films [17], but other studies of microstructure evolu-
tion have not seen grain rotation or translation [18–21].

One reason (noted by Cahn and Taylor [2]) why this
coupling appears in the simulations but not in some exper-
iments is that the geometries of the samples are very differ-
ent. Simulations have primarily studied simple geometries,
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where the effects of the coupling can be maximized, e.g. a
cylindrical grain surrounded by a single surrounding
matrix grain, or two rectangular grains with a flat GB.
Experiments that did not show coupling, on the other
hand, studied complex geometries consisting of irregularly
shaped grains in a complicated matrix, or wedge-shaped
bicrystals with finite extent along the GB. In this paper,
we present atomistic simulations of GB motion in simpli-
fied geometries that capture the essential features of some
experimental geometries. These comprise a circular grain
in a single grain matrix for comparison with earlier work,
a circular grain bounded by two different grains and a
bicrystal cut into a wedge shape. Although our length
and time scales are much shorter than those used in exper-
iments, our observations reveal how the GB network and
system geometry can affect GB motion.
2. Methods

We use a molecular dynamics simulation to evolve the
systems in time with the fourth-order gear predictor–cor-
rector algorithm [22]. The atoms interact through a model
Lennard–Jones potential, with r = 1 Å and � = 1 eV. The
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Fig. 1. Number of atoms (with fits to c(1 � at)b for b = 0.44 and b = 0.56)
and relative angle for a circular grain in a monocrystalline matrix as a
function of time.
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potential is cut off at r = 1.5 Å and shifted so that there is
no discontinuity in energy. Each atom is assigned a mass of
1 amu, and the time step for propagation is set to 0.01 fs.

The underlying crystal is a two-dimensional triangular
lattice, allowing us to form tilt GBs. The GBs are formed
by cutting out pieces from appropriately rotated lattices,
putting them together and minimizing the energy of the
system by relaxing with respect to atomic positions using
the conjugate-gradient algorithm [23]. Each system has
finite extent and free boundary conditions. The system is
then simulated at constant energy with kinetic energy
equivalent to a temperature of about 300 K. Note that,
since the potential represents a model system rather than
any particular material, the energy (and therefore tempera-
ture), length and time scales are essentially arbitrary, and
not directly comparable to any experiment.

To analyze the simulation results, it is helpful to be able
to automatically assign the atoms in the simulated system
to each grain. We do this by computing a nearest neighbor
list for each atom, and then computing an angular struc-
ture factor, i.e.

SnðkÞ ¼
X

l

exp ik arctan
ry

nl

rx
nl

� �� �
ð1Þ

where ra
nl is the Cartesian a component of the relative posi-

tion of atoms n and l. Since each atom has six neighbors in
the triangular lattice, Sn(6) probes the rotation of the local
neighborhood of atom n. The phase of S indicates which
grain the atom belongs to. This approach works well as
long as the misorientation angle is not too small; in the
one case where the misorientation is close to 5�, once one
of the grains becomes sufficiently small it can no longer
be reliably distinguished from its neighbor.

The positions of triple-junctions (TJs) are tracked man-
ually in the visualized images where atoms are colored by
their automatic grain assignment. The position values plot-
ted and tabulated below are defined as the distance from an
atom adjacent to the TJ to the nearest atom on the free sur-
face of the cylindrical simulated system. The discreteness of
the lattice causes an inherent uncertainly of about 2r in this
measurement.
Fig. 2. Visualization of circular grain surrounded by a single matrix grain
at t = 0 time steps (top) and t = 3.0 � 106 time steps (bottom). Colors
indicate which grain each atom is assigned to, and larger spheres indicate
atoms with coordination other than 6 (cluster of such atoms surround
vacancies and dislocation cores).
3. Results

3.1. Circular grain in single-crystal matrix

To confirm that we see the qualitative behavior seen in
previous work, we simulate a single circular grain with
diameter of 50 r in a single grain matrix, forming a low
symmetry tilt GB with a misorientation of 10�. The size
of the grain and the relative angle of the grain and the
matrix are plotted in Fig. 1. Our observation that the grain
misorientation increases as it shrinks are consistent with
previously published results [1,5]. Visualization of the
atomic positions as the system evolves in time is shown
Fig. 2. The number of dislocations in the GB decreases
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from 26 at the initial time to 17 at 3.0 � 106 time steps, a
factor of 0.65. Since the number of atoms in the grain
decreases from 1788 to 488 over the same time, the corre-
sponding change in the GB length is a factor of 0.52, and
so the dislocation density increases by a factor of 1.25. This
is nearly equal to the ratio of the angles, from 10� to 12.5�.
This analysis confirms the basic idea that the rotation is
caused by the number of dislocations in the GB decreasing
more slowly than the length of the GB [24,1], although the
assumption that the number of dislocations is constant is
not confirmed. We did not observe any dislocations escap-
ing from the boundary to the free surface, but we did see
some dislocation recombination events, as shown in
Fig. 3. In this example two dislocations with Burgers vec-
tors ~a2 and ~a1 �~a2 combine into a single dislocation with
a Burgers vector of~a1, leaving behind a vacancy. The visu-
alization in Fig. 1 also shows that the GB facets. Such fac-
eting has also be seen in previous simulations [5,25],
although at least in some cases, e.g. Fig. 1f in Ref. [5],
the faceting was less pronounced and not explicitly dis-
Fig. 3. Atomic configurations at t = 1.32 � 106 (top) and 1.34 � 106 time
steps (bottom), showing the annihilation of a dislocation. Atom colors and
sizes are as in Fig. 2. The gray line shows a Burgers circuit around the
group of dislocations, and thin black lines are drawn around each
dislocation core.
cussed. However, the tendency of GBs to facet is certainly
well known experimentally [26], and has even been seen to
occur during GB motion [27].

For this geometry, the rate of motion of the GB can be
extracted from the plot of grain area vs. time in Fig. 1.
Rath et al. found a power law dependence for the GB speed
v as a function of grain radius r of v = �C/rm, where m is
an exponent found to be between about 3.5 [20] and 10 [18]
for various experimental preparations. This relation for
v(r) leads to a grain area A that depends on time as

A ¼ cð1� atÞb ð2Þ
where a and c are constants, and b is related to the expo-
nent of the inverse grain radius m via b = 2/(m + 1).
Excluding an initial transient period, the circular grain’s
area as a function of time can be fitted by Eq. (2), with a
best-fit exponent of b = 0.56, i.e. m = 2.6. However, the
fit is quite insensitive to the exponent over some range,
so the fit is nearly as good with b = 0.44, i.e. m = 3.5, which
is quite close to the experimental observations [20]. This re-
sult conflicts with Cahn and Taylor’s prediction of a linear
reduction of grain area with time [2] for small angle tilt
boundaries, perhaps because they assume that no disloca-
tions are annihilated during the GB motion.

3.2. Circular grain surrounded by two other grains

A more experimentally relevant geometry than a circular
grain in a single-crystal matrix is a small grain bounded by
more than one matrix grain. In this case, the different mis-
orientations between the shrinking grain and its neighbors
could attempt to drive rotation at different rates or even
different directions. To simulate such a situation, we create
several bicrystals and embed in each GB a circular grain of
diameter 50r. The geometries, comprising one symmetric
and three asymmetric configurations, are summarized in
Table 1.

In the symmetric geometry (system 1 in Table 1), the
rotation of the circular grain, plotted in Fig. 4, is negligible.
The boundaries between the grain and each of its neighbors
favor equal and opposite rotation, so overall the rotation is
Table 1
Geometries and GB evolution of a circular grain surrounded by two other
grains

System h12 (�) h1 (�) h2 (�) _n Rotation vTJ

1 20.0 10.0 �10.0 2 � 10�4 n 4 � 10�6

2 20.0 5.0 �15.0 1 � 10�4 n 0
3 76.4 36.2 �40.2 2 � 10�4 y 3 � 10�6

4 86.0 40.0 �46.0 3 � 10�4 n 2 � 10�6

Angle h12 indicates misorientation between two matrix grains, angles h1

and h2 indicate misorientations between embedded grain and the two
surrounding grains, _n indicates shrinkage rate of grain (in atoms/time
step), rot indicates whether the grain rotates during GB motion, and vTJ

indicates average triple-junction speed (in r/time step) (average of two
triple-junctions in each system, except system 1 which excludes the triple-
junction that is pinned by a void).



0

 300

 600

 900

 1200

 1500

 1800

0  2000  4000  6000  8000
7

8

9

 10

 11

 12

 13

 14

n

θ 
(d

eg
)

t (103 time steps)

inclusion grain n
angle i1
angle i2

quad fit

 10
 20
 30
 40
 50
 60

p 
(σ

) triple junction pos.

Fig. 4. Bottom panel: number of atoms (with fit to a + b(t � t0)2) and
relative angle for a circular grain bounded by two matrix grains with
angles of ±10�. Top panel: distance of triple-junction from edge of system
(increasing value indicates motion toward the center of the circular grain).

Fig. 5. Visualization of circular grain bounded by two matrix grains at
t = 0 time steps (top), t = 5.6 � 106 time steps (middle) and t = 9.0 � 106

time steps (bottom). Color and size of atoms are as in Fig. 2.
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frustrated. Whereas for the single-crystal matrix the dislo-
cations were essentially trapped in the boundary of the
grain, forcing an increase in misorientation as the grain
shrunk and the dislocations density increased, here the dis-
locations can move into the newly formed GB between the
two matrix grains. The pictures in Fig. 5 show that the GB
appears to be pinned on the right. Since there is nothing
particular favoring that direction, this is presumably a fluc-
tuation caused by the small system size. There is a void at
the pinned triple-junction (TJ), probably caused by a coa-
lescence of dislocations through the mechanism seen in
the single-crystal matrix simulation, which we conjecture
is causing the pinning. The other TJ, whose distance from
the system edge is also plotted in Fig. 4, is initially nearly
stationary. As the grain shrinks, the angle subtended by
the boundaries between the circular grain and the two
matrix grains decreases (from an initial value of 180�),
and the effective line tension from these boundaries is able
to pull the TJ in toward the center of the circular grain. The
average speed of the TJ is listed in Table 1.

While the coupling to the rotation is frustrated, it does
have an effect on the rate of GB motion: the grain in the
single-crystal matrix took about 1.5 � 106 time steps to
shrink from 1750 to 1000 atoms, while the grain in the
bicrystal took about 2.5 � 106 time steps. This reduction
in GB speed may be thought of as a consequence of a
reduction in the driving force, which is the derivative of
the free energy of the system as a function of grain size.
In the single-crystal matrix case, the driving force comes
from the variation of the GB length and the variation in
GB energy per unit length, which depends on the misorien-
tation. For a non-rotating circular grain bounded by two
symmetric grains, there will be no variation in GB energy
per unit length, but there will be an energy cost to create
additional GB between the two matrix grains. Because of
the complicated dependence of the GB energies on the mis-
orientation angle and the alignment between the GB line
and the underlying lattice, it is not feasible to compute
these terms explicitly for this geometry.

The grain area as a function of time is well fitted by a
quadratic function, in contradiction with Cahn and Tay-
lor’s prediction [2]. However, the geometry of the simulated
system is significantly different from the analytical result.
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The shrinking grain does not remain circular, and at cer-
tain points the inclusion–matrix GBs are pinned at the
slowly moving triple-junction formed with the matrix–
matrix GB. This leads to a reduction in curvature of the
moving GB at large times, and a corresponding reduction
in driving force to GB motion. We also cannot exclude
the possibility that the area as a function of time is actually
linear, with two different slopes at early and late stages of
the evolution.

For the symmetric geometry, the directions and magni-
tude of rotational driving forces cancel out trivially, but
this may not be the case for an asymmetric geometry.
The evolution of the grain size and rotation angle in a sys-
tem with a 20.0� GB between the two matrix grains but
with an asymmetric embedded grain forming 5.0� and
�15.0� GBs (system 2 in Table 1) is plotted in Fig. 6. While
grain growth is less steady in this case, it is clear from the
plot that there is negligible rotation of the embedded grain
with respect to the two matrix grains until the grain is quite
small and fluctuations become significant. This observation
is consistent with Upmanyu’s analysis of GB energy vs.
misorientation angle, which shows a roughly constant
slope near each energy cusp, so small deviations from sym-
metry still lead to nearly equal and opposite driving forces
for rotation. It is unclear whether the fluctuations in GB
motion are simply noise, or evidence of transitions between
different quasi-steady-states. Distinguishing these two pos-
sibilities would require repeating the simulation many
times to obtain a statistical sample, and is beyond the scope
of this work. In this system neither TJ is pinned, and both
move slightly during the simulation. Initially both move
away from the center of the circular grain, as the matrix–
matrix GB line tension is able to cause the grain to
elongate. Only near the end of the simulation, roughly
coincident with the abrupt drop in grain size at about
8.5 � 106 time steps, do the TJs begin to move inward.
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Fig. 6. Bottom panel: number of atoms (with linear fit) and relative angle
for a circular grain bounded by two matrix grains with angles of 5� and
�15�. Top panel: distance of triple junction from edge of system
(increasing value indicates motion toward the center of the circular grain).
The overall average of the speed is about 0, although per-
haps if the evolution of the system could be followed fur-
ther the TJs would continue moving inward and show a
larger average speed.

Somewhat different behavior is also seen for GBs near
the R = 19, h = 38.2� cusp identified by Upmanyu et al.
[5]. One example is system 3 in Table 1, which forms
36.2� and �40.2� GBs with the matrix grains, whose evolu-
tion is plotted in Fig. 7. There are long periods with no
grain rotation, punctuated by a relatively abrupt rotation
toward the low energy 38.2� misorientation, suggesting that
the system shows noise-driven transitions between quasi-
steady-states. Since the embedded grain can rotate so that
both GBs are transformed into lower energy GBs, it does
so, but not in the steady manner that was previously
observed for a grain in a single-crystal matrix [5]. Surpris-
ingly, there is no sign of corresponding jumps in the plot of
grain size. If both GBs are on the same side of the cusp, for
example system 4 in Table 1 with 40� and �46� misorienta-
tions, rotation increases the energy of one while decreasing
the energy of the other. Since the energy as a function of
misorientation near the cusp is roughly linear, there is no
net driving force and the grain does not rotate, as shown
in Fig. 8. These two systems also show a similar pattern
of TJ motion to the symmetrically embedded circular grain,
initially stationary and only later moving toward the center
of the embedded grain.

The variation of GB motion over time in the asymmet-
rical inclusion systems depends on the details of the system.
The two large misorientation GBs (systems 3 and 4) show a
linear variation of area as a function of time, as shown in
Figs. 7 and 8, consistent with Cahn and Taylor’s calcula-
tion [2]. In this case there is very little grain rotation, so
the assumption of constant GB energy is probably satisfied
(at least approximately) in the simulation, and the
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Fig. 9. Visualization of a bicrystal wedge sample at t = 0 time steps (top),
t = 21 � 106 time steps (middle), and t = 47 � 106 time steps (bottom).
Color and size of atoms are as in Fig. 2.
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variation in driving force comes only from the increase in
curvature as the grain shrinks. The asymmetric low angle
GB (system 2), however, moves in a very unsteady manner.
The linear fit, shown in Fig. 6, is roughly consistent with
the overall trend, but the deviations are very large. The
dependence of the area on time is not well represented by
any polynomial function. There is also no corresponding
noise in the misorientation angle.

The speed at which the TJs move varies significantly
from system to system (Table 1). One of the TJs in the sym-
metric embedded grain is pinned by a substantial void. The
others are all mobile, but there is no obvious correlation
between the TJ speed and any other aspect of the GB evo-
lution, including symmetry, GB speed and GB rotation.
The only distinctive feature is that the grain which shrinks
most unsteadily, system 2 in Table 1, plotted in Fig. 6,
shows nearly no net TJ motion at all. In all cases the TJ
is initially stationary or moves slightly outward, away from
the center of the circular grain. As the grain shrinks the
angle subtended by the GBs between the circular grain
and the two matrix grains decreases from its initial value
of 180�, and the effective line tension pulls the TJ toward
the center of the shrinking grain. In system 2 the initial out-
ward motion is relatively large, and the later inward
motion relatively small.

3.3. Wedge-shaped sample

The final geometry we study simulates a wedge bicrystal
experiment [20]. In this system, a wedge shape is cut from a
bicrystal, so that a single well-defined GB is approximately
normal to the radial direction of the wedge. There is there-
fore a driving force for the boundary motion caused by the
reduction in area as the GB moves toward the point of the
wedge. We create a 10� tilt grain boundary between a circu-
lar grain of diameter 100 r and a single-crystal matrix, and
cut out a 60� wedge with its point at the center of the grain.
The time evolution of this system in shown in Fig. 9. We
use a larger radius grain here as compared to the two pre-
vious systems. Simulations of a wedge with a significantly
smaller inner grain showed an almost instantaneous coales-
cence of the two grains through qualitatively different
mechanisms involving interactions of the very small num-
ber of GB dislocations present and the free surfaces.

As Fig. 10 shows, the evolution of the misorientation in
the wedge bicrystal is more complex than our previous
examples. The misorientation angle initially increases, but
then decreases, increases again, remains approximately
constant for a while and finally increases. The increasing
misorientation regime occurs via the same mechanism as
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for the grain in a single-crystal matrix, where every GB
dislocation moves radially toward the center, and the
dislocation density increases with time. The constant mis-
orientation regime can occur if dislocations move, on aver-
age, along parallel (not radial) lines approximately normal
to the GB. This process would leave the dislocation density
constant, and as the GB becomes shorter dislocations will
annihilate at the free surfaces. Decreasing misorientation
may occur when dislocation positions fluctuate enough to
annihilate at the free surfaces. The observed behavior is
consistent with simple noise caused by the statistics of the
small number of dislocations. Many repetitions of the sim-
ulation, which are beyond the scope of this work, would be
needed to rule out the possibility of transitions between dif-
ferent steady-states. The negligible amount of rotation
through most of the simulation is consistent with the den-
sity of dislocations remaining approximately constant as
the GB moves, as shown in Fig. 9. The faceting of the
GB for this system is particularly pronounced, even more
so than for the circular grain in a single-crystal matrix dis-
cussed above.

While the geometry of this simulated system is directly
analogous to the experimental setup, the length scale is
many orders of magnitude smaller [20]. The unsteady evo-
lution of the relative angle is a reflection of the small system
size. The number of dislocations in the whole GB is small,
and fluctuations caused by the diffusion of the dislocations
to the free surfaces are correspondingly large. It is expected
that on experimental length scales these fluctuations would
be much smaller. Further, in the experiments there is no
reason for the dislocations to move radially (leading to
grain rotation) except as a fluctuation, since the system
can lower its energy even more by moving the GB toward
the narrower part of the wedge and simultaneously annihi-
lating dislocations that are near the free surface, leading to
no net rotation.

The variation of the area of the grain with time, plotted
in Fig. 10, is essentially linear, although it can also be fit by
Eq. (2), with b = 1.38, i.e. m = 0.45. This behavior is quite
different from the observations of Rath et al. on similar
geometries [20]. It is, however, consistent with the classical
expression derived by Cahn and Taylor in the case of no
coupling [2]. The wedge geometry allows us to create a
sample which is equivalent to the circular grain, but where
the character of the GB does not systematically change
during GB motion. The simple assumptions of a constant
mobility, constant GB energy and driving force that is pro-
portional to curvature (and inversely proportional to grain
radius) are indeed applicable to this geometry. The discrep-
ancy with Rath’s results suggests that some aspect of the
simulation, probably the length and time scales, may limit
its applicability to macroscopic scales.
4. Conclusion

The coupling between GB motion and relative transla-
tion of the adjacent grains is strongly affected by the geom-
etry of the GB network. While a geometry where there are
no constraints on the motion of the grains leads to grain
rotation or translation, in other geometries this effect
may be suppressed. For example, we have shown here that
a symmetric system with a circular grain surrounded by
two other grains that produce opposite driving forces for
rotation will shrink without rotating. Breaking the symme-
try does not necessarily lead to net rotation, unless the par-
ticular GBs both favor rotation in the same direction. Even
in the latter case, the interaction between the embedded
grain and the GB between the two matrix particles leads
to much more unsteady and complex GB motion as com-
pared to the single-crystal matrix. The coupling between
the GB motion and the rotation can still manifest itself
by reducing the GB speed as compared to an equal sized
circular grain that is free to rotate with respect to the sur-
rounding single-crystal matrix. The presence of free sur-
faces, for example in the case of a bicrystal GB
undergoing motion driven by the wedge shape of the sam-
ple, can also effectively eliminate the coupling by providing
a sink for GB dislocations. The speed of GB can also be
affected by the geometry. Geometries that lead to minimal
grain rotation lead to a linear dependence of grain area as a
function of time, in agreement with analytical results that
assume a constant GB energy during the motion. However,
other geometries can show accelerating GB motion, decel-
erating motion or even unsteady motion that is not a
smooth function of time. Triple-junctions, which were pres-
ent in our simulations at the points where a circular grain
met the boundary between two matrix grains, move at sys-
tem dependent speeds, although no obvious correlation
between the triple-junction speed and other aspects of
GB motion were apparent. Geometrical frustration and
free surface effects are likely to dominate GB motion in
experimentally and technologically relevant microstruc-
tures, and need to be taken into account in any comprehen-
sive theory of GB motion.
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